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In this paper, we use a family of bounds for $\documentclass[12pt]{minimal}
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**Theorem 1** {#d30e4379}
-------------
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*Proof* {#d30e4568}
-------

This follows immediately from combining the previous lemma with Eq. [3](#Equ3){ref-type=""}.

The above result substantially improves the results of Tanabe et al. ([@CR14]). Using Eq. [4](#Equ4){ref-type=""}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ G_{\alpha ,\alpha }^{-1}(\rho ) = 2\alpha \rho / (1 - \rho ^2)$$\end{document}$, so that the lower and upper bound in Eq. [2](#Equ2){ref-type=""} equal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{\nu ,\nu }^{-1}(\rho )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{\nu +1,\nu +1}^{-1}(\rho )$$\end{document}$, respectively, and hence correspond to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{\nu +1,\nu +1}(t) \le R_\nu (t) \le G_{\nu ,\nu }(t)$$\end{document}$, which was already shown to be strictly weaker than the bounds in Eq. [3](#Equ3){ref-type=""}. We also see that the "mid-point approximation" $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_\nu ^{-1}(\rho ) \approx (2\nu +1) \rho / (1 - \rho ^2)$$\end{document}$ equals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{\nu +1/2,\nu +1/2}^{-1}(\rho )$$\end{document}$, which for positive $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is strictly smaller than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{\nu +1/2,\beta _{SS}(\nu )}^{-1}(\rho )$$\end{document}$, and hence strictly under-estimates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_\nu ^{-1}(\rho )$$\end{document}$.

Let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g(\nu ) = \frac{(\nu + 3/2)}{2 \nu + 1}. \end{aligned}$$\end{document}$$Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g$$\end{document}$ is monotonically decreasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0,\infty )$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(0) = 3/2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{\nu \rightarrow \infty } g(\nu ) = 1/2$$\end{document}$.

**Theorem 2** {#d30e5122}
-------------
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*Proof* {#d30e5400}
-------
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**Corollary 1** {#d30e6270}
---------------
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*Proof* {#d30e6436}
-------

Immediate from Theorems 1 and 2.

**Theorem 3** {#d30e6442}
-------------
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-------
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**Corollary 2** {#d30e7882}
---------------
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*Proof* {#d30e7982}
-------

Straightforward from combining Theorems 1, 2 and 3.

We thus see that the Dhillon--Sra approximation is not invalidated by the available inverse Amos-type bounds (in the sense of being outside the range provided by these bounds), and has the same maximal approximation error as these bounds (indicating that it is indeed a good approximation).

**Theorem 4** {#d30e7990}
-------------
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*Proof* {#d30e8190}
-------
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As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2(\nu +1) - \rho ^2 = (2\nu + 1) - 2(\rho - 1) - (\rho - 1)^2$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Q_\nu (\rho ) = - \frac{\nu +1/2}{\rho - 1} - \frac{2\nu - 3}{4} + O(\rho -1), \qquad \rho \rightarrow {1-}. \end{aligned}$$\end{document}$$As$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} - \frac{\nu - 1/2}{2} - \left( -\frac{2\nu - 3}{4}\right) = -\frac{1}{2}, \end{aligned}$$\end{document}$$we thus have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_\nu ^{-1}(\rho ) - Q_\nu (\rho ) = -1/2 + O(\rho - 1)$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \rightarrow 1-$$\end{document}$, and the proof is complete.

Nåsell bounds {#Sec3}
=============
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**Theorem 5** {#d30e11643}
-------------
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*Proof* {#d30e11875}
-------
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**Corollary 3** {#d30e15173}
---------------
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*Proof* {#d30e15478}
-------

Straightforward from the previous theorem and Theorem 1.

Numerical comparisons {#Sec4}
=====================

In the following we compare the number of iterations required to reach convergence by two different algorithms based on nested intervals for finding roots using (1) the Tanabe et al. ([@CR14]) and (2) the newly established bounds for initialization. The two algorithms used are (a) a one-dimensional root finding algorithm as implemented in function uniroot() available in R (R Core Team [@CR9]) and (b) the variant of the Newton-Fourier method for the case of strictly increasing concave functions (see e.g., Atkinson [@CR2], pp. 62--64). Concavity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{\nu }$$\end{document}$ can be established by using that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{\nu }$$\end{document}$ is the pointwise minimum of a set of Amos-type functions (see Hornik and Grün [@CR6], Theorem 11). It is straightforward to show that the second derivative of these Amos-type functions is non-positive and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{\nu }$$\end{document}$ is concave, because it is the pointwise minimum of concave functions.
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The results are given in Table [1](#Tab1){ref-type="table"}. For the Newton-Fourier algorithm the newly established bounds always require the same or a smaller number of iterations. In 31 % of the cases one iteration less is required, reducing the number of iterations required by 60 or 20 %. When using uniroot(), there is an improvement achievement in 55 % of the cases, the same number of iterations are required in 42 % of the cases and only in 3 % of the cases a deterioration occurs and one iteration more is required when using the newly established bounds for initialization. Table 1Number of iterations required by uniroot() (top) and by the Newton-Fourier algorithm (bottom) using the Tanabe et al. ([@CR14]) bounds (T07) and the newly established bounds (New) for initializationT07New0123451430000222232200305463630400514905004311T07New12187025245308

Overall it has to be noted that the number of iterations is rather small to reach convergence when either of the two sets of intervals is used for initialization. However, the general tendency to require even less iterations of the newly established bounds will nevertheless be of interest from a computational point of view if these roots are solved repeatedly, which is required when for example the expectation-maximization algorithm is used to estimate mixtures of von Mises--Fisher distributions (Banerjee et al. [@CR3]).
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